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Classical Results Functional Intrinsic Volumes The Question Supports of Measures Cauchy–Kubota Formulas Conjugates Mixed Area Measures

The Basic Observation

Kn . . . convex bodies (non-empty, compact, convex subsets of Rn)

Fact of Life

If K ∈ Kn is such that S(K ) = 0, then voln(K ) = 0.

Closer Inspection

If K is as above, then dimK < n − 1.
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More Generally (Actually Equivalent)

Recall: Steiner Formula

voln(K + rBn) =
n∑

j=0

rn−jκn−jVj(K ), r > 0,K ∈ Kn

κn−j . . . (n − j)-dimensional volume of the unit ball in Rn−j

More General Fact of Life

Let 1 ≤ i ≤ j ≤ n. If K ∈ Kn is such that Vi (K ) = 0, then Vj(K ) = 0.

Closer Inspection

If K is as above, then dimK < i .
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Local Version
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Recall: Area Measures

Sn−1(K + rBn, ω) =
n−1∑
j=0

rn−1−j
(
n − 1

j

)
Sj(K , ω) r > 0,K ∈ Kn, ω ∈ B(Sn−1)

Vj(K ) =
1

nκn−j

(
n

j

)
Sj(K ,Sn−1) 0 ≤ j ≤ n − 1

suppSj(K , ·) ⊆ suppSi (K , ·), 1 ≤ i ≤ j < n,K ∈ Kn
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Monge–Ampère Measure

Conv(Rn;R) = {v : Rn → R : v is convex}

Recall: Subdifferential

∂v(x) = {y ∈ Rn : v(z) ≥ v(x) + 〈y , z − x〉 ∀z ∈ Rn} v ∈ Conv(Rn;R), x ∈ Rn

If v is differentiable at x , then ∂v(x) = {∇v(x)}.

Example

For K ∈ Kn, let hK (x) = supy∈K 〈x , y〉. We have ∂hK (o) = K .

Monge–Ampère Measure

MA(v ;B) = Vn

(⋃
x∈B

∂v(x)
)
, v ∈ Conv(Rn;R),B ∈ B(Rn)

If v ∈ Conv(Rn;R) ∩ C 2(Rn), then dMA(v ; x) = det(D2v(x))dx .

An Elementary Question About Functional Intrinsic Volumes 5 Fabian Mussnig TU Wien
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Functional Intrinsic Volumes

For α ∈ Cc([0,∞)) let V
∗
n,α : Conv(Rn;R)→ R be given by

V
∗
n,α(v) =

∫
Rn

α(|x |)dMA(v ; x), v ∈ Conv(Rn;R).

Example

(Updated)

V
∗
n,α(hK ) = α(0)Vn(K ), K ∈ Kn

Functional Steiner Formula (Colesanti, Ludwig, M., CVPDE ’22)

V
∗
n,α(v + r hBn) =

n∑
j=0

rn−jκn−jV
∗
j ,α(v), r > 0, v ∈ Conv(Rn;R)

Bn . . . Euclidean unit ball =⇒ hBn(x) = |x |, x ∈ Rn
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Properties

An Elementary Question About Functional Intrinsic Volumes 7 Fabian Mussnig TU Wien

Intrinsic Volumes

translation invariant:

Vj(K + x) = Vj(K ), x ∈ Rn

rotation invariant:

Vj(ϑK ) = Vj(K ), ϑ ∈ SO(n)

continuous w.r.t. Hausdorff metric

valuation:

Vj(K ∪ L) + Vj(K ∩ L)

= Vj(K ) + Vj(L)

j-homogeneous: Vj(λK ) = λj Vj(K )

Functional Intrinsic Volumes

dually epi-translation invariant:

V
∗
j ,α(v + f ) = V

∗
j ,α(v), f affine

rotation invariant:

V
∗
j ,α(v ◦ϑ−1) = V

∗
j ,α(v), ϑ ∈ SO(n)

continuous w.r.t epi-convergence

valuation:

V
∗
j ,α(v ∨ w) + V

∗
j ,α(v ∧ w)

= V
∗
j ,α(v) + V

∗
j ,α(w)

j-hom.: V
∗
j ,α(λv) = λj V

∗
j ,α(v)
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Characterization

Theorem (Hadwiger, 1950s)

A map Z: Kn → R is a continuous, translation and rotation invariant valuation

if and
only if there exist c0, . . . , cn ∈ R such that

Z(K ) = c0V0(K ) + · · ·+ cnVn(K )

for every K ∈ Kn.

Theorem (Colesanti, Ludwig, M., ’20+, Adv. Math. ’23; Knoerr ’22+)

A map Z: Conv(Rn;R)→ R is a continuous, dually epi-translation and rotation
invariant valuation if and only if there exist α0, . . . , αn ∈ Cc([0,∞)) such that

Z(v) = V
∗
0,α0

(v) + · · ·+ V
∗
n,αn

(v)

for every v ∈ Conv(Rn;R).

An Elementary Question About Functional Intrinsic Volumes 8 Fabian Mussnig TU Wien
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Elementary Question

Functional Fact of Life?

Let 1 ≤ i ≤ j ≤ n and let α, β ∈ Cc([0,∞)) be “suitable”. If v ∈ Conv(Rn;R) is such
that

V
∗
i ,α(v) = 0,

does it then follow that also
V
∗
j ,β(v) = 0?

An Elementary Question About Functional Intrinsic Volumes 9 Fabian Mussnig TU Wien



Classical Results Functional Intrinsic Volumes The Question Supports of Measures Cauchy–Kubota Formulas Conjugates Mixed Area Measures

Suitable Densities

An Elementary Question About Functional Intrinsic Volumes 10 Fabian Mussnig TU Wien

Recall: Desired Fact of Life

For 1 ≤ i ≤ j ≤ n, α, β ∈ Cc([0,∞)): V
∗
i ,α(v) = 0 =⇒ V

∗
j ,β(v) = 0

For t ≥ 0 let vt ∈ Conv(Rn;R) be given by

vt(x) =

{
0 if |x | ≤ t,

|x | − t if |x | > t

Calculations show:

V
∗
j ,α(vt) =

κn
κn−j

(
n

j

)
α(t)

Suitable Densities

suppβ ⊆ suppα

α, β ≥ 0
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Connection with the Dimension

Dimension of v ∈ Conv(Rn;R)

For v ∈ Conv(Rn;R) we set dim v := dim
(⋃

x∈Rn ∂v(x)
)

If dim v = k , then there exist ϑ ∈ SO(n) and w ∈ Conv(Rk ;R) such that

(v ◦ ϑ−1)(x1, . . . , xn) = w(x1, . . . , xk)

An Implication

If dim v < j , then V
∗
j ,α(v) = 0 for every α ∈ Cc([0,∞)).

Converse Statement Fails!

For t large enough: V
∗
j ,α(vt) = 0 but dim vt = n.

An Elementary Question About Functional Intrinsic Volumes 11 Fabian Mussnig TU Wien
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A Solution

Functional Fact of Life Corollary (Hug, M., Ulivelli, ’23+)

Let 1 ≤ i ≤ j ≤ n and let α, β ∈ Cc([0,∞)) be non-negative with suppβ ⊆ suppα.

If
v ∈ Conv(Rn;R) is such that

V
∗
i ,α(v) = 0,

then
V
∗
j ,β(v) = 0.

An Elementary Question About Functional Intrinsic Volumes 12 Fabian Mussnig TU Wien
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A Special Family of Mixed Monge–Ampère Measures

Mixed Monge–Ampère Measures

For m ∈ N, v1, . . . , vm ∈ Conv(Rn;R), λ1, . . . , λm ≥ 0,

MA(λ1v1 + · · ·+ λmvm; ·) =
m∑

i1,...,in=1

λi1 · · ·λinMA(vi1 , . . . , vin ; ·).

If v1, . . . , vn ∈ Conv(Rn;R) ∩ C 2(Rn), then

dMA(v1, . . . , vn; x) = det(D2v1(x), . . . ,D2vn(x))dx .

Special Family

MAj(v ; ·) = MA(v [j ], hBn [n − j ]; ·), v ∈ Conv(Rn;R), 0 ≤ j ≤ n

An Elementary Question About Functional Intrinsic Volumes 13 Fabian Mussnig TU Wien



Classical Results Functional Intrinsic Volumes The Question Supports of Measures Cauchy–Kubota Formulas Conjugates Mixed Area Measures

A Special Family of Mixed Monge–Ampère Measures

Mixed Monge–Ampère Measures

For m ∈ N, v1, . . . , vm ∈ Conv(Rn;R), λ1, . . . , λm ≥ 0,

MA(λ1v1 + · · ·+ λmvm; ·) =
m∑

i1,...,in=1

λi1 · · ·λinMA(vi1 , . . . , vin ; ·).

If v1, . . . , vn ∈ Conv(Rn;R) ∩ C 2(Rn), then

dMA(v1, . . . , vn; x) = det(D2v1(x), . . . ,D2vn(x))dx .

Special Family

MAj(v ; ·) = MA(v [j ], hBn [n − j ]; ·), v ∈ Conv(Rn;R), 0 ≤ j ≤ n

An Elementary Question About Functional Intrinsic Volumes 13 Fabian Mussnig TU Wien



Classical Results Functional Intrinsic Volumes The Question Supports of Measures Cauchy–Kubota Formulas Conjugates Mixed Area Measures

A Special Family of Mixed Monge–Ampère Measures

Mixed Monge–Ampère Measures

For m ∈ N, v1, . . . , vm ∈ Conv(Rn;R), λ1, . . . , λm ≥ 0,

MA(λ1v1 + · · ·+ λmvm; ·) =
m∑

i1,...,in=1

λi1 · · ·λinMA(vi1 , . . . , vin ; ·).

If v1, . . . , vn ∈ Conv(Rn;R) ∩ C 2(Rn), then

dMA(v1, . . . , vn; x) = det(D2v1(x), . . . ,D2vn(x))dx .

Special Family

MAj(v ; ·) = MA(v [j ], hBn [n − j ]; ·), v ∈ Conv(Rn;R), 0 ≤ j ≤ n

An Elementary Question About Functional Intrinsic Volumes 13 Fabian Mussnig TU Wien



Classical Results Functional Intrinsic Volumes The Question Supports of Measures Cauchy–Kubota Formulas Conjugates Mixed Area Measures

A Special Family of Mixed Monge–Ampère Measures

Mixed Monge–Ampère Measures

For m ∈ N, v1, . . . , vm ∈ Conv(Rn;R), λ1, . . . , λm ≥ 0,

MA(λ1v1 + · · ·+ λmvm; ·) =
m∑

i1,...,in=1

λi1 · · ·λinMA(vi1 , . . . , vin ; ·).

If v1, . . . , vn ∈ Conv(Rn;R) ∩ C 2(Rn), then

dMA(v1, . . . , vn; x) = det(D2v1(x), . . . ,D2vn(x))dx .

Special Family

MAj(v ; ·) = MA(v [j ], hBn [n − j ]; ·), v ∈ Conv(Rn;R), 0 ≤ j ≤ n

An Elementary Question About Functional Intrinsic Volumes 13 Fabian Mussnig TU Wien



Classical Results Functional Intrinsic Volumes The Question Supports of Measures Cauchy–Kubota Formulas Conjugates Mixed Area Measures

Representation of Functional Intrinsic Volumes

For α ∈ Cc([0,∞)) and v ∈ Conv(Rn;R),

n∑
j=0

rn−jκn−jV
∗
j ,α(v) = V

∗
n,α(v + r hBn)

=

∫
Rn

α(|x |) dMA(v + r hBn ; x)

=
n∑

j=0

rn−j
(
n

j

)∫
Rn

α(|x |)dMAj(v ; x)

Representation Formula

V
∗
j ,α(v) =

(
n

j

)
1

κn−j

∫
Rn

α(|x |)dMAj(v ; x), v ∈ Conv(Rn;R), 0 ≤ j ≤ n
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A Solution

Local Functional Fact of Life Theorem (Hug, M., Ulivelli, ’23+)

suppMAj(v , ·) ⊆ suppMAi (v , ·), 1 ≤ i ≤ j ≤ n, v ∈ Conv(Rn;R)

Ingredients of the Proof

Description of supports of Monge–Ampère measures (Colesanti, Hug, JLMS ’05)

New Cauchy–Kubota formulas for mixed Monge–Ampère measures

An Elementary Question About Functional Intrinsic Volumes 15 Fabian Mussnig TU Wien
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A Classical Result

An Elementary Question About Functional Intrinsic Volumes 16 Fabian Mussnig TU Wien

Recall: Cauchy’s Surface Area Formula

S(K ) =
1

κn−1

∫
Sn−1

voln−1(proje⊥ K ) de K ∈ Kn
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Cauchy–Kubota Formulas for Intrinsic Volumes

An Elementary Question About Functional Intrinsic Volumes 17 Fabian Mussnig TU Wien

Recall: Cauchy–Kubota Formulas

If 0 ≤ j ≤ n − 1, then

Vj(K ) =
κn

κjκn−j

(
n

j

)∫
G(n,j)

Vj(projE K ) dE

for every K ∈ Kn.
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Recall: Cauchy–Kubota Formulas

If 0 ≤ j ≤ n − 1, then

Vj(K ) =
κn

κjκn−j

(
n

j

)∫
G(n,j)

Vj(projE K ) dE

for every K ∈ Kn.

G(n, j) . . . Grassmannian of j-dimensional linear subspaces of Rn
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Recall: Cauchy–Kubota Formulas

If 0 ≤ j ≤ n − 1, then

Vj(K ) =
κn

κjκn−j

(
n

j

)∫
G(n,j)

Vj(projE K ) dE

for every K ∈ Kn.

Proof

K 7→
∫
G(n,j) Vj(projE K ) dE defines a j-homogeneous, continuous, translation and

rotation invariant valuation.

By Hadwiger’s theorem it needs to be a multiple of Vj(K ).

Evaluate for K = Bn.
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Cauchy–Kubota Formulas for Functional Intrinsic Volumes

An Elementary Question About Functional Intrinsic Volumes 18 Fabian Mussnig TU Wien

Theorem (Colesanti, Ludwig, M., Amer. J. Math. ’23+)

If 1 ≤ j ≤ n − 1 and α ∈ Cc([0,∞)), then

V
∗
j ,α(v) =

κn
κjκn−j

(
n

j

)∫
G(n,j)

V
E ,∗
j ,α (v |E ) dE

for every v ∈ Conv(Rn;R).
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G(n,j) V

E ,∗
j ,α (v |E )dE defines a j-homogeneous, continuous, dually

epi-translation and rotation invariant valuation.

By Hadwiger’s theorem it needs to coincide with V
∗
j ,α̃(v).

Evaluate for v = vt .
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Cauchy–Kubota Formulas for Functional Intrinsic Volumes

An Elementary Question About Functional Intrinsic Volumes 19 Fabian Mussnig TU Wien

Theorem (Colesanti, Ludwig, M., Amer. J. Math. ’23+)

If 1 ≤ j ≤ n − 1 and α ∈ Cc([0,∞)), then

1

κn

∫
Rn

α(|x |)dMAj(v ; x) =
1

κj

∫
G(n,j)

∫
E
α(|xE |)dMAE (v |E ; xE ) dE

for every v ∈ Conv(Rn;R).

Theorem (Hug, M., Ulivelli, ’23+)

If 1 ≤ j ≤ n − 1 and β ∈ Cc(Rn), then

1

κn

∫
Rn

β(x)dMAj(v ; x) =
1

κj

∫
G(n,j)

∫
E
β|E (xE ) dMAE (v |E ; xE )dE

for every v ∈ Conv(Rn;R).
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About the Proof

The proof of the new formulas is based on a new proof of Cauchy’s surface area
formula (Tsukerman, Veomett, Amer. Math. Monthly ’17).

Recall: Mixed Volumes

For m ∈ N, K1, . . . ,Km ∈ Kn, λ1, . . . , λm ≥ 0,

voln(λ1K1 + · · ·+ λmKm) =
m∑

i1,...,in=1

λi1 · · ·λinV (Ki1 , . . . ,Kin).

Proof∫
Sn−1

Vn−1(proje⊥ K )de ∼=
∫
Sn−1

V (K [n − 1], [0, e])de ∼= V (K [n − 1],Bn) ∼= Vn−1(K )

An Elementary Question About Functional Intrinsic Volumes 20 Fabian Mussnig TU Wien
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formula (Tsukerman, Veomett, Amer. Math. Monthly ’17).

Recall: Mixed Volumes

For m ∈ N, K1, . . . ,Km ∈ Kn, λ1, . . . , λm ≥ 0,

voln(λ1K1 + · · ·+ λmKm) =
m∑

i1,...,in=1

λi1 · · ·λinV (Ki1 , . . . ,Kin).

Proof∫
Sn−1

Vn−1(proje⊥ K )de ∼=
∫
Sn−1

V (K [n − 1], [0, e])de

∼= V (K [n − 1],Bn) ∼= Vn−1(K )
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Transferring the Idea to the Functional Setting

Howto

Try to replicate Tsukerman and Veomett’s proof in the functional setting by
“replacing” mixed volumes with integrals over mixed Monge–Ampère measures.

Realize that essentially everything works, except for one property which needs to
be established first.

Lemma (Hug, M., Ulivelli, ’23+)

If e ∈ Sn−1, then

nMA(v [n − 1], h[0,e];B) = MAE (v |E ;B ∩ E )

for every v ∈ Conv(Rn;R) and every Borel set B ⊂ Rn, where E = e⊥.

An Elementary Question About Functional Intrinsic Volumes 21 Fabian Mussnig TU Wien
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Cauchy–Kubota Formulas for Functional Intrinsic Volumes

An Elementary Question About Functional Intrinsic Volumes 22 Fabian Mussnig TU Wien

Theorem (Hug, M., Ulivelli, ’23+)

If 1 ≤ j ≤ n − 1 and β ∈ Cc(Rn), then

1

κn

∫
Rn

β(x)dMA(v [j ], hBn [n − j ]; x) =
1

κj

∫
G(n,j)

∫
E
β|E (xE ) dMAE (v |E ; xE ) dE

for every v ∈ Conv(Rn;R).

Theorem (Hug, M., Ulivelli, ’23+)

If 1 ≤ j ≤ n − 1 and β ∈ Cc(Rn), then

1

κn

∫
Rn

β(x)dMA(v1, . . . , vj , hBn [n − j ]; x)

=
1

κj

∫
G(n,j)

∫
E
β|E (xE )dMAE (v1|E , . . . , vj |E ; xE )dE

for every v1, . . . , vj ∈ Conv(Rn;R).
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Space of Convex Conjugates

Recall: Legendre–Fenchel Transform or Convex Conjugate

v∗(x) = supy∈Rn

(
〈x , y〉 − v(y)

)
, v : Rn → [−∞,∞]

Example

(hK )∗(x) = I∞K (x) =

{
0 if x ∈ K ,

∞ else,
K ∈ Kn

{v∗ : v ∈ Conv(Rn;R)} =
{
u : Rn → (−∞,∞] : convex, l.s.c., u 6≡ +∞

super-coercive : lim|x |→∞
u(x)
|x | = +∞

}
= Convsc(Rn)

An Elementary Question About Functional Intrinsic Volumes 23 Fabian Mussnig TU Wien



Classical Results Functional Intrinsic Volumes The Question Supports of Measures Cauchy–Kubota Formulas Conjugates Mixed Area Measures

Space of Convex Conjugates

Recall: Legendre–Fenchel Transform or Convex Conjugate

v∗(x) = supy∈Rn

(
〈x , y〉 − v(y)

)
, v : Rn → [−∞,∞]

Example

(hK )∗(x) = I∞K (x) =

{
0 if x ∈ K ,

∞ else,
K ∈ Kn

{v∗ : v ∈ Conv(Rn;R)} =
{
u : Rn → (−∞,∞] : convex, l.s.c., u 6≡ +∞

super-coercive : lim|x |→∞
u(x)
|x | = +∞

}
= Convsc(Rn)

An Elementary Question About Functional Intrinsic Volumes 23 Fabian Mussnig TU Wien



Classical Results Functional Intrinsic Volumes The Question Supports of Measures Cauchy–Kubota Formulas Conjugates Mixed Area Measures

Space of Convex Conjugates

Recall: Legendre–Fenchel Transform or Convex Conjugate

v∗(x) = supy∈Rn

(
〈x , y〉 − v(y)

)
, v : Rn → [−∞,∞]

Example

(hK )∗(x) = I∞K (x) =

{
0 if x ∈ K ,

∞ else,
K ∈ Kn

{v∗ : v ∈ Conv(Rn;R)}

=
{
u : Rn → (−∞,∞] : convex, l.s.c., u 6≡ +∞

super-coercive : lim|x |→∞
u(x)
|x | = +∞

}
= Convsc(Rn)

An Elementary Question About Functional Intrinsic Volumes 23 Fabian Mussnig TU Wien



Classical Results Functional Intrinsic Volumes The Question Supports of Measures Cauchy–Kubota Formulas Conjugates Mixed Area Measures

Space of Convex Conjugates

Recall: Legendre–Fenchel Transform or Convex Conjugate

v∗(x) = supy∈Rn

(
〈x , y〉 − v(y)

)
, v : Rn → [−∞,∞]

Example

(hK )∗(x) = I∞K (x) =

{
0 if x ∈ K ,

∞ else,
K ∈ Kn

{v∗ : v ∈ Conv(Rn;R)} =
{
u : Rn → (−∞,∞] : convex, l.s.c., u 6≡ +∞

super-coercive : lim|x |→∞
u(x)
|x | = +∞

}
= Convsc(Rn)

An Elementary Question About Functional Intrinsic Volumes 23 Fabian Mussnig TU Wien



Classical Results Functional Intrinsic Volumes The Question Supports of Measures Cauchy–Kubota Formulas Conjugates Mixed Area Measures

Space of Convex Conjugates

Recall: Legendre–Fenchel Transform or Convex Conjugate

v∗(x) = supy∈Rn

(
〈x , y〉 − v(y)

)
, v : Rn → [−∞,∞]

Example

(hK )∗(x) = I∞K (x) =

{
0 if x ∈ K ,

∞ else,
K ∈ Kn

{v∗ : v ∈ Conv(Rn;R)} =
{
u : Rn → (−∞,∞] : convex, l.s.c., u 6≡ +∞

super-coercive : lim|x |→∞
u(x)
|x | = +∞

}

= Convsc(Rn)

An Elementary Question About Functional Intrinsic Volumes 23 Fabian Mussnig TU Wien



Classical Results Functional Intrinsic Volumes The Question Supports of Measures Cauchy–Kubota Formulas Conjugates Mixed Area Measures

Space of Convex Conjugates

Recall: Legendre–Fenchel Transform or Convex Conjugate

v∗(x) = supy∈Rn

(
〈x , y〉 − v(y)

)
, v : Rn → [−∞,∞]

Example

(hK )∗(x) = I∞K (x) =

{
0 if x ∈ K ,

∞ else,
K ∈ Kn

{v∗ : v ∈ Conv(Rn;R)} =
{
u : Rn → (−∞,∞] : convex, l.s.c., u 6≡ +∞

super-coercive : lim|x |→∞
u(x)
|x | = +∞

}

= Convsc(Rn)

An Elementary Question About Functional Intrinsic Volumes 23 Fabian Mussnig TU Wien

Rn

R

u



Classical Results Functional Intrinsic Volumes The Question Supports of Measures Cauchy–Kubota Formulas Conjugates Mixed Area Measures

Space of Convex Conjugates

Recall: Legendre–Fenchel Transform or Convex Conjugate

v∗(x) = supy∈Rn

(
〈x , y〉 − v(y)

)
, v : Rn → [−∞,∞]

Example

(hK )∗(x) = I∞K (x) =

{
0 if x ∈ K ,

∞ else,
K ∈ Kn

{v∗ : v ∈ Conv(Rn;R)} =
{
u : Rn → (−∞,∞] : convex, l.s.c., u 6≡ +∞

super-coercive : lim|x |→∞
u(x)
|x | = +∞

}
= Convsc(Rn)

An Elementary Question About Functional Intrinsic Volumes 23 Fabian Mussnig TU Wien

Rn

R

u



Classical Results Functional Intrinsic Volumes The Question Supports of Measures Cauchy–Kubota Formulas Conjugates Mixed Area Measures

Conjugate Monge–Ampère Measure

An Elementary Question About Functional Intrinsic Volumes 24 Fabian Mussnig TU Wien

For α ∈ Cc([0,∞)) let Vn,α : Convsc(Rn)→ R be given by

Vn,α(u) = V
∗
n,α(u∗)

=

∫
Rn

α(|x |)dMA(u∗; x)

=

∫
Rn

α(|x |)dMA∗(u; x)

=

∫
dom u

α(|∇u(x)|) dx
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Conjugate Monge–Ampère Measure

An Elementary Question About Functional Intrinsic Volumes 24 Fabian Mussnig TU Wien

For α ∈ Cc([0,∞)) let Vn,α : Convsc(Rn)→ R be given by

Vn,α(u) = V
∗
n,α(u∗)

=

∫
Rn

α(|x |) dMA(u∗; x)

=

∫
Rn

α(|x |) dMA∗(u; x)

=

∫
dom u

α(|∇u(x)|) dx

Recall: (Effective) Domain

dom u = {x ∈ Rn : u(x) <∞}
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Conjugate Monge–Ampère Measure

An Elementary Question About Functional Intrinsic Volumes 24 Fabian Mussnig TU Wien

For α ∈ Cc([0,∞)) let Vn,α : Convsc(Rn)→ R be given by

Vn,α(u) = V
∗
n,α(u∗)

=

∫
Rn

α(|x |) dMA(u∗; x)

=

∫
Rn

α(|x |) dMA∗(u; x)

=

∫
dom u

α(|∇u(x)|) dx

Example

Vn,α(I∞K ) = α(0)Vn(K ), K ∈ Kn
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Epi-Addition

Recall: Inf-Convolution (or Epi-Addition)

For u1, u2 : Rn → (−∞,∞] convex, l.s.c.:

(u1 � u2)(x) = infx1+x2=x

(
u1(x1) + u2(x2)

)

epi (u1 � u2) = epi u1 + epi u2

Recall: Epigraph

epi (u) = {(x , t) ∈ Rn × R : u(x) ≤ t}

On Convsc(Rn): u1 � u2 = ( u∗1 + u∗2︸ ︷︷ ︸
∈Conv(Rn;R)

)∗

An Elementary Question About Functional Intrinsic Volumes 25 Fabian Mussnig TU Wien
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Epi-Multiplication

Epi-Multiplication on Convsc(Rn)

For u ∈ Convsc(Rn) and λ > 0

(λ u)(x) = λu
(
x
λ

)
epi (λ u) = λ epi u

0 u = I∞{o}

Rn

R

u

Rn

R

λ u

An Elementary Question About Functional Intrinsic Volumes 26 Fabian Mussnig TU Wien



Classical Results Functional Intrinsic Volumes The Question Supports of Measures Cauchy–Kubota Formulas Conjugates Mixed Area Measures

Functional Intrinsic Volumes on Convsc(Rn)

Steiner Formula

Vn,α(u � (r I∞Bn)) =
n∑

j=0

rn−jκn−jVj ,α(u), r > 0, u ∈ Convsc(Rn), α ∈ Cc([0,∞)

Example

Vj ,α(I∞K ) = α(0)Vj(K ), K ∈ Kn

Vj ,α(u) = V
∗
j ,α(u∗)

=

∫
Rn

α(|x |)dMAj(u
∗; x)

=

∫
Rn

α(|x |)dMA∗j(u; x)

An Elementary Question About Functional Intrinsic Volumes 27 Fabian Mussnig TU Wien
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The Measures MA∗j(u; ·)

An Elementary Question About Functional Intrinsic Volumes 28 Fabian Mussnig TU Wien

Theorem (Colesanti, Ludwig, M., CVPDE ’22)

For u ∈ Convsc(Rn) ∩ C 2
+(Rn) and 1 ≤ j ≤ n − 1,

MA∗j(u;B) =

(
n

j

)−1 ∫
(∇u)−1(B)

τn−j({u ≤ u(x)}, x) dx

for every Borel set B ⊂ {∇u(x) : x ∈ Rn}\{o}.

τj(K , x) . . . jth elem. sym. function of the principal curvatures of K at x ∈ ∂K

Functional Intrinsic Volumes on Convsc(Rn) ∩ C 2
+(Rn)

Vj ,α(u) =
1

κn−j

∫
Rn

α(|∇u(x)|)τn−j({u ≤ u(x)}, x) dx , α ∈ Cc([0,∞))
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Intrinsic Volumes on Bodies of Class C 2
+
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Properties of Functional Intrinsic Volumes on Convsc(Rn)

Properties

Epi-translation invariant:

Vj ,α(u ◦ τ−1 + c) = Vj ,α(u), ∀ transl. τ on Rn, c ∈ R
Rotation invariant:

Vj ,α(u ◦ ϑ−1) = Vj ,α(u), ∀ϑ ∈ SO(n)

Continuous w.r.t. epi-convergence

Valuation:
Vj ,α(u ∧ w) + Vj ,α(u ∨ w) = Vj ,α(u) + Vj ,α(w)

∀u,w ∈ Convsc(Rn) s.t. u ∧ w , u ∨ w ∈ Convsc(Rn)

Vj ,α is epi-hom. of degree j : Vj ,α(λ u) = λj Vj ,α(u), ∀u ∈ Convsc(Rn), λ ≥ 0

Characterization: Hadwiger-type theorem
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Main Results on Convsc(Rn)

Conjugate Functional Fact of Life (Hug, M., Ulivelli, ’23+)

Let 1 ≤ i ≤ j ≤ n and let α, β ∈ Cc([0,∞)) be non-negative with suppβ ⊆ suppα. If
u ∈ Convsc(Rn) is such that

Vi ,α(u) = 0,

then
Vj ,β(u) = 0.

Local Conjugate Functional Fact of Life (Hug, M., Ulivelli, ’23+)

suppMA∗j(u, ·) ⊆ suppMA∗i (u, ·), 1 ≤ i ≤ j ≤ n, u ∈ Convsc(Rn)

An Elementary Question About Functional Intrinsic Volumes 30 Fabian Mussnig TU Wien
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Cauchy–Kubota Formulas on Convsc(Rn)

An Elementary Question About Functional Intrinsic Volumes 31 Fabian Mussnig TU Wien

Theorem (Hug, M., Ulivelli, ’23+)

If 1 ≤ j ≤ n − 1 and β ∈ Cc(Rn), then

1

κn

∫
Rn

β(x) dMA∗j(u; x) =
1

κj

∫
G(n,j)

∫
E
β|E (xE ) dMA∗E (projE u; xE ) dE

for every u ∈ Convsc(Rn).
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κj
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E
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for every u ∈ Convsc(Rn).

x2

x1

E

projE u

u

projE u(xE ) := minz∈E⊥ u(xE + z)
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1

κn

∫
Rn
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1

κj
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E
β|E (xE ) dMA∗E (projE u; xE ) dE

for every u ∈ Convsc(Rn).

Corollary∫
Rn

β(x)dMA∗j(u; x) =
κn
κj

∫
G(n,j)

∫
dom (projE u)

β|E (∇E projE u(xE ))dxE dE



Classical Results Functional Intrinsic Volumes The Question Supports of Measures Cauchy–Kubota Formulas Conjugates Mixed Area Measures

From Functions to Bodies

An Elementary Question About Functional Intrinsic Volumes 32 Fabian Mussnig TU Wien

u ∈ Convsc(Rn)

Ku ∈ Kn+1

Rn

R

Fix β ∈ Cc(Rn).

Relating the Measures

∫
Rn

β(x)dMA∗(u; x)

=

∫
dom u

β(∇u(x))dx

=

∫
Sn−
β̃(z)dSn(Ku, z)

where

β̃(z) =
β(gno(z))√

1 + | gno(z)|2

for z ∈ Sn−.
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Connecting MA∗j with Special Mixed Area Measures

Observation

Kλ1 u1�λ2 u2 = λ1Ku1 + λ2Ku2

KI∞
Bn

= {(x1, . . . , xn+1) ∈ Rn+1 : x21 + · · ·+ x2n ≤ 1, xn+1 = 0} =: Dn

Proposition (Hug, M., Ulivelli, ’23+)∫
Rn

β(x)dMA∗j(u; x) =

∫
Sn−
β̃(z)dS(Ku[j ],Dn[n − j ], z)

Local Geometric Fact of Life (Hug, M., Ulivelli, ’23+)

suppS(K [j ],Dn[n− j ], ·)
∣∣∣
Sn−
⊆ suppS(K [i ],Dn[n− i ], ·)

∣∣∣
Sn−
, 1 ≤ i ≤ j ≤ n,K ∈ Kn+1

An Elementary Question About Functional Intrinsic Volumes 33 Fabian Mussnig TU Wien
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New Cauchy–Kubota Type Formulas

Theorem (Hug, M., Ulivelli, ’23+)

If 1 ≤ j ≤ n and γ ∈ Cc(Sn−), then

1

κn

∫
Sn−
γ(z)dS(K [j ],Dn[n − j ], z)

=
1

κj

∫
E∈G(n+1,j)
s.t. en+1∈E

∫
Sn−∩E

γ
∣∣
Sn−∩E

(zE ) dSj−1(projE K ; zE )dE

for every K ∈ Kn+1.
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The Role of Functional Intrinsic Volumes

Representation of Functional Intrinsic Volumes (Hug, M., Ulivelli, ’23+)

Vj ,α(u) =

∫
Sn−
α̃(|〈en+1, z〉|)dS(Ku[j ],Dn[n − j ], z)

Theorem (Colesanti, Ludwig, M., Adv. Math. ’23)

Vj ,α(u) =

∫
Sn−
α̂(|〈en+1, z〉|) dS(Ku[j ],Bn+1[n − j ], z)

Remark

Vj ,α ≥ 0 ⇐⇒ α ≥ 0 ⇐⇒ α̃ ≥ 0 6⇐⇒ α̂ ≥ 0
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The Other Ingredient of the Proof

Question

Let n + 1 ≥ 3 and let ω ⊂ Sn−. If K ∈ Kn+1 is such that

Sn−1(projE K , ω ∩ E ) = 0 ∀E ∈ G(n + 1, n) with en+1 ∈ E ,

does it then follow that
Sn(K , ω) = 0?

Answer (Prof. Schneider via Email)

Yes, for ω open.
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