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Valuations

⋄ (Γ,∨,∧) a subset of a lattice
(A,+) an abelian semigroup

⋄ Z : (Γ,∨,∧) → (A,+) is called a valuation (scissors congruence
invariant) provided

Z(u ∨ v) + Z(u ∧ v) = Zu+ Zv

whenever u, v ∈ Γ s.t. u ∨ v, u ∧ v ∈ Γ.

⋄ Function-valued valuation
A = F (Rn;R): the set of all functions f : Rn → R
+: the ordinary addition of functions

⋄ Valuations on convex bodies
Γ is a set of convex bodies on Rn, K ∨ L = K ∪ L, K ∧ L = K ∩ L.

⋄ Valuations on functions
Γ is a set of functions on Rn, u ∨ v = max{u, v}, u ∧ v = min{u, v}
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Legendre transform

⋄ The Legendre transform of a convex function u : Rn → (∞,∞]:

u∗(x) = sup
y∈Rn

⟨x, y⟩ − u(y)

⋄ Conv(Rn): proper, l.s.c., convex functions u : Rn → (−∞,∞]

⋄ Convsc(Rn): u ∈ Conv(Rn) s.t. lim
|x|→∞

u(x)
|x| = ∞.

⋄ Conv(Rn;R): finite convex functions on Rn.

⋄ epiu = {(x, t) ∈ Rn × R : u(x) ≥ t}.

⋄ epi-convergence ui
epi−→ u ⇐⇒ epiui → epiu (Kuratowski

convergence).

▶ ∀xi → x, u(x) ≤ lim infi→∞ ui (xi);
∃xi → x s.t. u(x) = limk→∞ uk (xk).

⋄ epi(u ∨ v) = epiu ∩ epi v, epi(u ∧ v) = epiu ∪ epi v

▶ u ∨ v = max{u, v}, u ∧ v = min{u, v}.
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Previous characterizations of Legendre transforms

Theorem (Artstein-Avidan & Milman: Ann. Math. 2009)

A bijective Z : Conv(Rn) → Conv(Rn) satisfying

u ≤ v ⇐⇒ Zu ≥ Zv (1)

⇐⇒

there exist c1 > 0, c2 ∈ R, ϕ ∈ GL(n), x, y ∈ Rn such that

Zu(ξ) = c1u
∗(ϕξ + y) + ⟨x, ξ⟩+ c2

for every u ∈ Conv(Rn).

⋄ bijection is necessary: u 7→ (u+ u0)
∗ for some u0 ∈ Conv(Rn).

⋄ since bijection, Z satisfying (1) is a “stronger” valuation, i.e.,

Z(u ∨ v) = (Zu) ∧ (Zv), Z(u ∧ v) = (Zu) ∨ (Zv)

if epiu ∪ epi v is convex.
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Theorem (Rotem: Adv. Math. 2013)

A map Z : Conv(Rn) → Conv(Rn) satisfying

⋄ u ≤ v ⇐⇒ Zu ≥ Zv,

⋄ ZIK = hK ,

⋄ ∃⊕ : Conv(Rn)×Conv(Rn) → Conv(Rn) s.t. Z(u⊕ v) = Zu+Zv,

⇐⇒

there exist c > 0 and λ ∈ R such that

Zu =
1

c
u∗ ◦ λ

for every u ∈ Conv(Rn), and

⊕ = □.

⋄ epi(u□v) = epiu+ epi v

⋄ u□v(x) := inf
x=x1+x2

u(x1) + v(x2).
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Previous Characterizations of polar bodies

⋄ [K,L]: convex hull of K,L

Theorem (Böröczky & Schneider: GAFA 2008)

Let n ≥ 2. A transform Z : Kn
(o) → Kn

(o) satisfies

Z(K ∩ L) = [Z(K),Z(L)],Z([K,L]) = Z(K) ∩ Z(L) (2)

for all K, L ∈ Kn
(o), ⇐⇒

either Z is constant, or Z(K) = ϕ(K∗) for some

ϕ ∈ GL(n).

⋄ For bijective Z, (2) is equivalent to (K ⊂ L ⇔ ZL ⊂ ZK).

⋄ bijective is not necessary.
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Previous Characterizations of polar bodies

⋄ [K,L]: convex hull of K,L

Theorem (Böröczky & Schneider: GAFA 2008)
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Theorem (Ludwig: AJM 2006; JDG 2010)

Let n ≥ 2. A map Z : Kn
(o) → (Kn,+) is a continuous valuation satisfying

Z(ϕK) = ϕ−tK

for any ϕ ∈ GL(n),
⇐⇒

there are c1, c2 ≥ 0 such that

ZK = c1K
∗ + c2(−K∗)

for every K ∈ Kn
(o). Here + can be the Minkowski addition or the radial

addition, and Kn
(o) is the set of convex bodies containing the origin.

⋄ Question: can we find an analogs on convex functions ?

⋄ No. if no further assumptions
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F. Klein (Erlangen Program 1872)

Geometry is the study of invariants of
transformation groups.

⋄ Z : Convsc(Rn) → F (Rn;R) is SL(n) (or GL+(n)) contravariant:

Z(u ◦ ϕ−1) = Z(u) ◦ ϕt,

∀u ∈ Convsc(Rn), ϕ ∈ SL(n) (or GL+(n)).
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⋄ Convsc(Rn): u ∈ Conv(Rn) s.t. lim
|x|→∞

u(x)
|x| = ∞.

⋄ Counterexample

Z1(u)(x) :=

∫ ∞

0
h({e−u ≥ t}, x)dt, u ∈ Convsc(Rn).

⋄ Z1(u ◦ ϕ−1) = Z1(u) ◦ ϕt, ϕ ∈ GL(n)

⋄ usual translation τyu(x) := u(x− y), x, y ∈ Rn

⋄ Z1(τyu) = Z1u+ ℓy, where ℓy(x) = y · x, x, y ∈ Rn

⋄ same as the Legendre transform

⋄ but Z1u is always a support function.
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With translation conjugation

⋄ dual translation: u+ ℓy

⋄ Z is a translation conjugation if

Z(τyu) = Z(u) + ℓy, Z(u+ ℓy) = τyZ(u)

⋄ Z is continuous: ui
epi−→ u =⇒ Zui

p−→ Zu

Theorem (Li 2022+)

Let n ≥ 2. A map Z : Convsc(Rn) → F (Rn;R) is a continuous and
SL(n) contravariant valuation which is a translation conjugation
⇐⇒

there is a constant c ∈ R such that

Zu = u∗ + c

for every u ∈ Convsc(Rn).
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With dual epi-translations
⋄ epi-translation: τyu and u+ t, where y ∈ Rn, t ∈ R

⋄ dual epi-translations: u+ ℓy and u− t

The Hadwiger theorem on convex functions (Colesanti,
Ludwig, Mussnig: 2020+)

Z : Conv(Rn;R) → R is a continuous, dually epi-translation invariant and
rotation invariant valuation
⇐⇒ there are ζ0 ∈ Dn

0 , . . . , ζn ∈ Dn
n

Z(u) = V ∗
0,ζ0(u) + · · ·+ V ∗

n,ζn(u)

for every u ∈ Conv(Rn;R).

⋄ if u ∈ Conv(Rn;R) ∩ C2
+ (Rn), then

V ∗
j,ζ(u) =

∫
Rn

ζ(|x|)
[
D2u(x)

]
j
dx,
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⋄ Z : Convsc(Rn) → F (Rn;R) is dually epi-translation contravariant:

Z(u+ ℓy) = τyZu, Z(u− t) = Zu+ t

for every u ∈ Convsc(Rn), y ∈ Rn and t ∈ R.

Theorem (Li 2022+)

Let n ≥ 2. A transform Z : Convsc(Rn) → F (Rn;R) is a continuous and
GL+(n) contravariant valuation which is dually epi-translation
contravariant,
⇐⇒

there is a constant c ∈ R such that

Zu = u∗ + c

for every u ∈ Convsc(Rn).
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Theorem (Li 2022+)

Let n ≥ 2. A transform Z : Convsc(Rn) → F (Rn;R) is a continuous and
GL+(n) contravariant valuation, and there are ϵ ∈ R and a function
η : R → R such that

Z(u+ ℓy) = τϵyZu,

Z(u− t) = η(t) + Zu,

for every u ∈ Convsc(Rn), y ∈ Rn and t ∈ R,
⇐⇒

there are constants c, c′, σ ∈ R such that η(t) = ϵσt for every t ∈ R
and

Zu(x) =

{
ϵσu∗(x/ϵ) + c, ϵ ̸= 0,

c′δ0x + c, ϵ = 0,

for every u ∈ Convsc(Rn) and x ∈ Rn.
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Theorem (Li 2022+)

Let n ≥ 2. A transform Z : Convsc(Rn) → F (Rn;R) is a continuous and
GL+(n) contravariant valuation, and there are ϵ ∈ R and a function
η : R → R such that η ̸≡ 1 and

Z(u+ ℓy) = τϵyZu,

Z(u+ t) = η(t)Zu,

for every u ∈ Convsc(Rn), y ∈ Rn and t ∈ R,

if and only if there is a constant c ∈ R and σ ̸= 0 such that
η(t) = exp {−ϵσt} for every t ∈ R and

Z(u)(x) =

{
c exp {ϵσu∗(x/ϵ)} , ϵ ̸= 0,

0, ϵ = 0,

for every u ∈ Convsc(Rn) and x ∈ Rn.
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Sketch of the proof

=⇒
P

(y,−1)

IP + ℓy + t

Jin Li (SHU) The Legendre transform and dually epi-translation contravariant valuations2023.6.26 17 / 22



Sketch of the proof

=⇒
P

(y,−1)

IP + ℓy + t

Jin Li (SHU) The Legendre transform and dually epi-translation contravariant valuations2023.6.26 17 / 22



Sketch of the proof

=⇒

P

(y,−1)

IP + ℓy + t

Jin Li (SHU) The Legendre transform and dually epi-translation contravariant valuations2023.6.26 17 / 22



Sketch of the proof

=⇒

P

(y,−1)

IP + ℓy + t

Jin Li (SHU) The Legendre transform and dually epi-translation contravariant valuations2023.6.26 17 / 22



Sketch of the proof

=⇒
P

(y,−1)

IP + ℓy + t

Jin Li (SHU) The Legendre transform and dually epi-translation contravariant valuations2023.6.26 17 / 22



⋄ Pn: all polytopes in Rn.

⋄ ZtP := Z(IP + t), P ∈ Pn, t ∈ R
⋄ The GL+(n) contravariance of Z =⇒ the GL+(n) covariance of Zt:

Zt(ϕK) = ZtK ◦ ϕt

Theorem (Li: Adv. Math. 2021)

Let n ≥ 2. A map Z : Pn → F (Rn \ {o};R) is a continuous and GL+(n)
covariant valuation
⇐⇒

there are ζ, ζ̃ ∈ C(R) such that

ZP (x) = ζ(hP (x)) + ζ(−h−P (x)) + ζ̃(h[P,o](x)) + ζ̃(−h[−P,o](x))

for every P ∈ Pn and x ∈ Rn \ {o}.
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⋄ Z(IP − t) = Z(IP ) + η(t) further implies

Z(IP + t) = ζ(hP (x)) + ζ(−h−P (x))

+ ζ̃(h[P,o](x)) + ζ̃(−h[−P,o](x))− σ′t

⋄ Observe the fact: P ⊂ e⊥1 + e1 ⇒ IP + t = IP + ℓte1 .

⋄ Together with Z(IP + ℓte1) = τϵte1ZIP , we get

ζ(hP (x)) + ζ(−h−P (x)) + ζ̃(h[P,o](x)) + ζ̃(−h[−P,o](x))− σ′t

= ζ(hP (x− ϵte1)) + ζ(−h−P (x− ϵte1))

+ ζ̃(h[P,o](x− ϵte1)) + ζ̃(−h[−P,o](x− ϵte1))
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⋄ Choose good P and x to get:

ζ(s) + ζ(r) + ζ̃(max{s, 0}) + ζ̃(min{r, 0})− σ′t

= ζ(s− ϵt) + ζ(r − ϵt) + ζ̃(max{s− ϵt, 0}) + ζ̃(min{r − ϵt, 0}).

for every r, s, t ∈ R with s ≥ r.

⋄ Then

▶ If ϵ ̸= 0, then there are constants c1, c2, c3, σ := σ′/ϵ ∈ R with
c1 − c2 = σ such that

Z(IP + t)(x) = c1hP (x) + c2h−P (x) + c3 − ϵσt

for every P ∈ Pn, x ∈ Rn \ {o}, and t ∈ R.
▶ If ϵ = 0, then there is a constant c ∈ R such that

Z(IP + t)(x) = c

for every P ∈ Pn, x ∈ Rn \ {o}, and t ∈ R.
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⋄ For integers i,m > 0, consider ui = I[i−1,i]×[0,1]n−1 + ℓie1 − i2−i
2 and

vm = u1 ∧ · · · ∧ um.

⋄ Let m → ∞. Use limm→∞Zvm(x) = Z(limm→∞ vm)(x) ̸= ±∞ to
obtain {

if ϵ > 0, then c1 = σ, c2 = 0;

if ϵ < 0, then c2 = −σ, c1 = 0.

⋄ Exactly corresponding to the desired result

Zu(x) =

{
ϵσu∗(x/ϵ) + c, ϵ ̸= 0,

c′δ0x + c, ϵ = 0.
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Thank you!
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