Comparison problems for the Radon transform.

Alexander Koldobsky

University of Missouri-Columbia

Joint work with Michael Roysdon and Artem Zvavitch



Given two non-negative functions f, g such that the Radon transform of f is
pointwise smaller than the Radon transform of g, does it follow that the
LP-norm of f is smaller than the LP-norm of g for a given p > 07

Alexander Koldobsky Comparison problems for the Radon transform.



Given two non-negative functions f, g such that the Radon transform of f is
pointwise smaller than the Radon transform of g, does it follow that the
LP-norm of f is smaller than the LP-norm of g for a given p > 07

For a function ¢ on IR", integrable over all affine hyperplanes, the (classical)
Radon transform of ¢ is the function Ry on IR x §"1 defined by

Rep(t,0) = / o(x)dx, (t,6)€ Rx 5",
(x,0)=t

where integration is over the Lebesgue measure in the hyperplane perpendicular
to 6 at distance t from the origin.

Alexander Koldobsky Comparison problems for the Radon transform.



Given two non-negative functions f, g such that the Radon transform of f is
pointwise smaller than the Radon transform of g, does it follow that the
LP-norm of f is smaller than the LP-norm of g for a given p > 07

For a function ¢ on IR", integrable over all affine hyperplanes, the (classical)
Radon transform of ¢ is the function Ry on IR x §"1 defined by

Rep(t,0) = / o(x)dx, (t,6)€ Rx 5",
(x,0)=t

where integration is over the Lebesgue measure in the hyperplane perpendicular
to 6 at distance t from the origin.

The spherical Radon transform of a continuous function f on the sphere $"~1
is a continuous function Rf on the sphere defined by

Rf(6) = / F(&)de, 6es™ L
Sn=ing+

Here 6 denotes the central hyperplane orthogonal to the direction 6.
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Problem 1. Consider two even, continuous, positive functions f,g on
S" 1 n>3, andlet p>0. If

Rf(6) < Rg(0) forall6 e S" L, (1)

does it follow that ||f||1p(sn-1) < [I&]lLr(s5n-1)?
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Problem 1. Consider two even, continuous, positive functions f,g on
S" 1 n>3, andlet p>0. If

Rf(6) < Rg(0) forall6 e S" L, (1)

does it follow that ||f||1p(sn-1) < [I&]lLr(s5n-1)?

Problem 2. Let p > 0. Given a pair of even, continuous positive functions
@, € LY(R")NLP(R"), n> 2, satisfying the condition

R(t,0) < Rap(t,0), forall (t,0) € Rx S" (2)

does it follow that |¢||p(rry < [[%|lp(R)?
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Problem 1. Consider two even, continuous, positive functions f,g on
S" 1 n>3, andlet p>0. If

Rf(6) < Rg(0) forall6 e S" L, (1)

does it follow that ||f||1p(sn-1) < [I&]lLr(s5n-1)?

Problem 2. Let p > 0. Given a pair of even, continuous positive functions
@, € LY(R")NLP(R"), n> 2, satisfying the condition

R(t,0) < Rap(t,0), forall (t,0) € Rx S" (2)

does it follow that |¢||p(rry < [[%|lp(R)?

Yes, if p=1. For p # 1, the answer is negative in general.
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Problem 1. Consider two even, continuous, positive functions f,g on
S" 1 n>3, andlet p>0. If

Rf(6) < Rg(0) forall6 e S" L, (1)
does it follow that ||f||1p(sn-1) < [I&]lLr(s5n-1)?

Problem 2. Let p > 0. Given a pair of even, continuous positive functions
@, € LY(R")NLP(R"), n> 2, satisfying the condition

Ro(t,0) < Rip(t,0), for all (t,0) € Rx S" )
does it follow that |¢||p(rry < [[%|lp(R)?

Yes, if p=1. For p # 1, the answer is negative in general.

Let n>2, M>1, p> ;27 Then the functions ¢(x) = xp;(x) and
P(x) = M_"+1XM52n (x) provide a counterexample to Problem 2.
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Motivation: The Busemann-Petty problem 1.

1956: Suppose K,L C IR" are two origin-symmetric convex bodies so that
|IKnot| <|Lnot|, voes" L.

Does it necessarily follow that |K| < |L|? Here |-| denotes the volume of the
appropriate dimension.
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Motivation: The Busemann-Petty problem 1.

1956: Suppose K,L C IR" are two origin-symmetric convex bodies so that
|IKnot| <|Lnot|, voes" L.

Does it necessarily follow that |K| < |L|? Here |-| denotes the volume of the

appropriate dimension.

The problem was solved at the end of 1990’s, and the answer is affirmative
when n <4 and negative when n > 5.

Ball, Bourgain, Gardner, Giannopoulos, K., Larman, Lutwak, Papadimitrakis,
Rogers, Schlumprecht, Zhang.

Alexander Koldobsky Comparison problems for the Radon transform.



Motivation: The Busemann-Petty problem 1.

1956: Suppose K,L C IR" are two origin-symmetric convex bodies so that
|IKnot| <|Lnot|, voes" L.

Does it necessarily follow that |K| < |L|? Here |-| denotes the volume of the
appropriate dimension.

The problem was solved at the end of 1990’s, and the answer is affirmative
when n <4 and negative when n > 5.

Ball, Bourgain, Gardner, Giannopoulos, K., Larman, Lutwak, Papadimitrakis,
Rogers, Schlumprecht, Zhang.

Note that our Problem 1 is a generalization of the Busemann-Petty problem.

One can see it by choosing f = || - ||;"+17 g=|- HZ"H and p= ;3.
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Motivation: The Busemann-Petty problem 1.

1956: Suppose K,L C IR" are two origin-symmetric convex bodies so that
|IKnot| <|Lnot|, voes" L.
Does it necessarily follow that |K| < |L|? Here |-| denotes the volume of the

appropriate dimension.

The problem was solved at the end of 1990’s, and the answer is affirmative
when n <4 and negative when n > 5.

Ball, Bourgain, Gardner, Giannopoulos, K., Larman, Lutwak, Papadimitrakis,
Rogers, Schlumprecht, Zhang.

Note that our Problem 1 is a generalization of the Busemann-Petty problem.

One can see it by choosing f = || - ||7"+17 g=|l- |\7"+1 and p= 5
Indeed, by the polar formulas for volume
1 1 —n+1 —n+1 1
ket =ts [ e S RA IR = 71 RAE).
Sn—lmé'L

and

1 _
K= % [ Il = 2112
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Motivation: The Busemann-Petty problem 2.

One of the ingredients of the solution of the BP problem is Lutwak’s
connection with intersection bodies. Lutwak showed that if the body K is an
intersection body, then the answer to the Busemann-Petty problem is
affirmative for any star body L. On the other hand, every origin-symmetric
convex non-intersection body can be perturbed to construct a counterexample.
Therefore, the answer to the Busemann-Petty problem in IR" is affirmative if,
and only if every origin-symmetric convex body in IR" is an intersection body.
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Motivation: The Busemann-Petty problem 2.

One of the ingredients of the solution of the BP problem is Lutwak’s
connection with intersection bodies. Lutwak showed that if the body K is an
intersection body, then the answer to the Busemann-Petty problem is
affirmative for any star body L. On the other hand, every origin-symmetric
convex non-intersection body can be perturbed to construct a counterexample.
Therefore, the answer to the Busemann-Petty problem in IR" is affirmative if,
and only if every origin-symmetric convex body in IR" is an intersection body.

Another ingredient in the Fourier analytic solution of the Busemann-Petty
problem is the characterization of intersection bodies in terms of the Fourier
transform. It was proved in K.(1998) that an origin-symmetric star body

K C IR" is an intersection body if, and only if, |||;(1 represents a positive
definite distribution on IR". Recall that a distribution f is called positive
definite if (,¢) > 0 for any non-negative test function ¢ € S(IR").
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Motivation: The Busemann-Petty problem 2.

One of the ingredients of the solution of the BP problem is Lutwak’s
connection with intersection bodies. Lutwak showed that if the body K is an
intersection body, then the answer to the Busemann-Petty problem is
affirmative for any star body L. On the other hand, every origin-symmetric
convex non-intersection body can be perturbed to construct a counterexample.
Therefore, the answer to the Busemann-Petty problem in IR" is affirmative if,
and only if every origin-symmetric convex body in IR" is an intersection body.

Another ingredient in the Fourier analytic solution of the Busemann-Petty
problem is the characterization of intersection bodies in terms of the Fourier
transform. It was proved in K.(1998) that an origin-symmetric star body

K C IR" is an intersection body if, and only if, |||;(1 represents a positive
definite distribution on IR". Recall that a distribution f is called positive
definite if (,¢) > 0 for any non-negative test function ¢ € S(IR").

The class of intersection bodies includes ellipsoids, unit balls of finite
dimensional subspaces of L?, 0 < p <2, among others.
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Motivation: The Busemann-Petty problem 2.

One of the ingredients of the solution of the BP problem is Lutwak’s
connection with intersection bodies. Lutwak showed that if the body K is an
intersection body, then the answer to the Busemann-Petty problem is
affirmative for any star body L. On the other hand, every origin-symmetric
convex non-intersection body can be perturbed to construct a counterexample.
Therefore, the answer to the Busemann-Petty problem in IR" is affirmative if,
and only if every origin-symmetric convex body in IR" is an intersection body.

Another ingredient in the Fourier analytic solution of the Busemann-Petty
problem is the characterization of intersection bodies in terms of the Fourier
transform. It was proved in K.(1998) that an origin-symmetric star body

K C IR" is an intersection body if, and only if, |||;(1 represents a positive
definite distribution on IR". Recall that a distribution f is called positive
definite if (,¢) > 0 for any non-negative test function ¢ € S(IR").

The class of intersection bodies includes ellipsoids, unit balls of finite
dimensional subspaces of L?, 0 < p <2, among others.

Our approach to the comparison problems is based on these two ideas. We
introduce special classes of functions that play the role of intersection bodies.
For the spherical comparison problem, this is the class of functions f on ge=t
for which the extension of ™1 to an even homogeneous of degree —1 function
on IR" represents a positive definite distribution. The results resemble Lutwak's
connections in the Busemann-Petty problem.
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Intersection bodies.

A closed bounded set K in IR" is called a star body if every straight line
passing through the origin crosses the boundary of K at exactly two points
different from the origin, the origin is an interior point of K, and the
Minkowski functional of K defined by ||x||x =min{a>0: x € aK} is a
continuous function on IR".
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Intersection bodies.

A closed bounded set K in IR" is called a star body if every straight line
passing through the origin crosses the boundary of K at exactly two points
different from the origin, the origin is an interior point of K, and the
Minkowski functional of K defined by ||x||x =min{a>0: x € aK} is a
continuous function on IR".

The radial function of a star body K is defined by ri(x) = HXHEI, x€R"If

x € §"71 then ri(x) is the radius of K in the direction of x.
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Intersection bodies.

A closed bounded set K in IR" is called a star body if every straight line
passing through the origin crosses the boundary of K at exactly two points
different from the origin, the origin is an interior point of K, and the
Minkowski functional of K defined by ||x||x =min{a>0: x € aK} is a
continuous function on IR".

The radial function of a star body K is defined by ri(x) = HXH/?l, x e R" If
x € §"71 then ri(x) is the radius of K in the direction of x.

The class of intersection bodies was introduced by Lutwak. We say that a star

body K in IR" is the intersection body of another star body L if for every
gesm

(€)= el = 1Lngt = =R (11-177*) (&)
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Intersection bodies.

A closed bounded set K in IR" is called a star body if every straight line
passing through the origin crosses the boundary of K at exactly two points
different from the origin, the origin is an interior point of K, and the
Minkowski functional of K defined by ||x||x =min{a>0: x € aK} is a
continuous function on IR".

The radial function of a star body K is defined by ri(x) = HXH/?l, x e R" If
x € §"71 then ri(x) is the radius of K in the direction of x.

The class of intersection bodies was introduced by Lutwak. We say that a star
body K in IR" is the intersection body of another star body L if for every
ges",

(€)= el = 1Lngt = =R (11-177*) (&)

If 1 is a finite Borel measure on 5§71 then Ry is defined by
(R ) =R = [ RrGOdu(), 7 e (™),
Sn—1

A star body K in IR" is called an intersection body if || - H,}l = Ru for some
measure i, i.e.

/ quglf(x)dx:/ Rf(x)du(x),  Vfe C(S"1h).
Sn—l Sn—l
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The spherical case 1.

Theorem 1. Let f,g be even continuous positive functions on the sphere
S$"~1, and suppose that

Rf(0) < Rg(6),  forallfeS™ L. (3)

Then:
X

(a) Suppose that for some p > 1 the function |x\2_1f"’71 (W) represents a

positive definite distribution on IR". Then ||f|| p(sn-1) < |Ig|lp(50-1)-
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The spherical case 1.

Theorem 1. Let f,g be even continuous positive functions on the sphere
S$"~1, and suppose that

Rf(0) < Rg(6),  forallfeS™ L. (3)
Then:

(a) Suppose that for some p > 1 the function |x\2_1f"’71 ﬁ) represents a

positive definite distribution on IR". Then ||f|| p(sn-1) < |Ig|lp(50-1)-

b) Suppose that for some 0 < p < 1 the function |x|5'g”~1 ( 2= represents
2 [x]2

a positive definite distribution on R". Then ||f||p(sn-1y < |8l 1p(50-1)-
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The spherical case 2.

Theorem 2. The following hold true:

a) Let g be an infinitely smooth strictly positive even function on S"~! and
(a) Letg ly ly p

p > 1. Suppose that the distribution |><|271gp_1 (ﬁ) is not positive
definite on IR". Then there exists an infinitely smooth even function f on

§"~1 so that the condition (3) holds, but £llLr(sn-1y > gl Lo (sn-1)-
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The spherical case 2.

Theorem 2. The following hold true:

a) Let g be an infinitely smooth strictly positive even function on S"~! and
(a) Letg ly ly p

p > 1. Suppose that the distribution |><|271gp_1 (L) is not positive

x12
definite on IR". Then there exists an infinitely smooth even function f on
§"~1 so that the condition (3) holds, but £llLr(sn-1y > gl Lo (sn-1)-

(b) Let f be an infinitely smooth strictly positive even function on $"1 and

0 < p< 1. Suppose that the distribution |x\2_1f”71 ( X

= | is not positive
[x[2

definite on IR". Then there exists an infinitely smooth even function g on
S"~1 so that the condition (3) holds, but 1£1lLr(sn-1) > &l p(sn-1)-
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Intersection function of a function

Definition. Let g be a positive, continuous, integrable, and even in the first
variable function on IR x S"1. We say that a function f on R" is an
intersection function of g if, for any Schwartz test function ¢ € S(R"),

/n f(x)p(x) dx = [5”71/,?R¢(t’9)g(t’0) dt do.

This means that f = R*g is the dual Radon transform of a positive function g.
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Intersection function of a function

Definition. Let g be a positive, continuous, integrable, and even in the first
variable function on IR x S"1. We say that a function f on R" is an
intersection function of g if, for any Schwartz test function ¢ € S(R"),

/n f(x)p(x) dx = [5”71/,?R¢(t’9)g(t’0) dt do.

This means that f = R*g is the dual Radon transform of a positive function g.

The existence of an intersection function is guaranteed by the well-known
formula for the dual Radon transform:

Proposition 1. The function f: IR" — IR, defined by

f(x)= /Sn_lg(<x79)79)d9

is an intersection function of g.
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The Fourier characterization.

Proposition 2. Let g be as above. A function f on IR" is an intersection
function of g if, and only if,

1 " :
F=2 <|x|2"+1 (g (t@)) (|X|2)> ,

where the interior Fourier transform is taken with respect to t € IR, and the
exterior Fourier transform is with respect to x € IR".

Proof. Note that for fixed § € S"~! the function t € R — R$(t,6) is the
Fourier transform of the function z € R — (27)"~1¢(z6). Therefore, for any
test function ¢, applying Parseval's identity to the inner integral by dt, we get

<f,<p>:/nf(x)g5(x) dx:/snil/RRqS(t,@)g(t,@) dt do
=(2n)"! 20)(g(t,0))1(z) dz dO
et [ [ cteneteoni

—2(e 5" (e (072 ) ) (). O

t
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Intersection functions

Definition. A function f defined on IR" is called an intersection function if
there exists a non-negative, even, finite Borel measure 11 on IR x S" such that

/fcpz/ Re(t,0)du(t,0), Yo e S(R").
Z RxSn—1
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Intersection functions

Definition. A function f defined on IR" is called an intersection function if
there exists a non-negative, even, finite Borel measure 11 on IR x S" such that

/fcpz/ Re(t,0)du(t,0), Yo e S(R").
Z RxSn—1

Suppose that L is an intersection body corresponding to the measure v on the
sphere. Recall the definition of the intersection body,

/ fcpZ/ Ro(0)duv(8), VeeS™ L.
n Sn—l

This means that the radial function p;(x) = ”XHZI of the body L is an
intersection function corresponding to the measure du(t,0) = ddo(t)dv(0).
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Intersection functions

Definition. A function f defined on IR" is called an intersection function if
there exists a non-negative, even, finite Borel measure 11 on IR x S" such that

/fcpz/ Re(t,0)du(t,0), Yo e S(R").
Z RxSn—1

Suppose that L is an intersection body corresponding to the measure v on the
sphere. Recall the definition of the intersection body,

/ fcpZ/ Ro(0)duv(8), VeeS™ L.
n Sn—l

This means that the radial function p;(x) = ”XHZI of the body L is an
intersection function corresponding to the measure du(t,0) = ddo(t)dv(0).

For each 6, the function t — |t\”_1?(t0) must be positive definite.
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Lutwak’s connection for Problem 2.

We now formulate analogs of Lutwak’s connections for Problem 2.

Theorem 4. Let p > 0 and consider a pair of continuous, non-negative even
functions o, € LL(R™)N LP(IR") satisfying the condition

Ro(t,0) < Rip(t,0) for all (t,0) € R x S" L. (4)
Then:

(a) if p>1 and P~ is an intersection function, then
lelle(rry < 1%l Lo (Rry:
(b) if0< p <1 andP~L is an intersection function, then

lelle(rmy < 1%l Lo (Rr)-
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Lutwak’s connection for Problem 2.

We also give a counterexample to Problem 2.

Theorem 5.

(a) Fix p>1 and let ¢ € S(R™) be strictly positive and even. If yP~1 is not
an intersection function, then there exists an even, non-negative function
¢ such that oP~1 € S(R™) and

Re(t,0) < Rap(t,0)  for all (t,0) € Rx S" %,

but with |9l tp(rry < llllLp(Rm-

(b) Fix0< p <1 and let o € S(IR™) be strictly positive and even. If oP~1 is
not an intersection function, then there exists a non-negative, even
function v such that YP~1 € S(IR") and

Rep(t,0) < Ry(t,0) for all (t,6) € RxS"

but with |9l tp(rry < Il Lp(R7)-
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Slicing inequalities 1.

The slicing problem of Bourgain: Does there exist an absolute constant C > 0
such that, for any n € N and for any origin-symmetric convex body K in IR",

n—1
K| 7 <C max |[Kn6ot|?
oesn—1

The best-to-date estimate C < O(+/logn) is due to Klartag.
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Slicing inequalities 1.

The slicing problem of Bourgain: Does there exist an absolute constant C > 0
such that, for any n € N and for any origin-symmetric convex body K in IR",

n—1
K| 7 <C max |[Kn6ot|?
oesn—1

The best-to-date estimate C < O(+/logn) is due to Klartag.

A version for arbitrary functions was proved in K. 2015: for any n € N, any star
body K in IR" and any non-negative continuous function f on K, one has

oesSn—1

|D| 1/n
dovr(K,In)—inf{<|K|> . KCD, DGZn}.

/fgzdm(K,zn) |K|" max RF(0),
K

where
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Slicing inequalities 1.

The slicing problem of Bourgain: Does there exist an absolute constant C > 0
such that, for any n € N and for any origin-symmetric convex body K in IR",

n—1
K| 7 <C max |[Kn6ot|?
oesn—1

The best-to-date estimate C < O(+/logn) is due to Klartag.

A version for arbitrary functions was proved in K. 2015: for any n € N, any star
body K in IR" and any non-negative continuous function f on K, one has

oesSn—1

|D| 1/n
dovr(K,In)—inf{<|K|> . KCD, DGZn}.

This means that if K is origin-symmetric convex and |K| =1, fK f =1, then
there exists a direction 6 for which Rf(6) > %
Vn

/fgzdm(K,zn) |K|" max RF(0),
K

where
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Slicing inequalities 2.

We get a slicing inequality of a different kind from Theorem 1. If the function
g is constant with the value

1
g§= —— max f(0)do,
|Sn 2| gesn—t /Snlng_

then f and g satisfy the conditions of the theorem, and we get

Corollary 1. Let f be a positive even, continuous function on the sphere 5771

Assume p > 1 and if |x|2_1f”_1 <XL‘2> represents a positive definite
distribution on IR", then
1
5"
f -1y < Rf(&).
[£1lLp(sn-1) < S72] (X, ©)
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Slicing inequalities 2.

We get a slicing inequality of a different kind from Theorem 1. If the function
g is constant with the value

1
= —— max f(0)do,
£ |5”_2| gesn-t /SnlﬁgJ_ ©)
then f and g satisfy the conditions of the theorem, and we get
Corollary 1. Let f be a positive even, continuous function on the sphere 5771
X

Assume p > 1 and if |x|2_1f”_1 <—> represents a positive definite

x|2
distribution on IR", then

1
|57
2] (8 RN

[£1lLp(sn-1) <
Similarly, in the case 0 < p < 1 we get
Corollary 2. Let g be a positive even, continuous function on the sphere sn1
Assume that 0 < p <1 and |><|271gp_1 (ﬁ) represents a positive definite
distribution on IR", then

5n—1|%
-1y > ————=— min R, .
Igl(s) > o min  Re(©)
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Slicing inequalities 3.

As proved in K.1998, an origin-symmetric star body K C IR" is an intersection
body if, and only if, || - ||E1 represents a positive definite distribution on IR".
Therefore, a positive even continuous function f on the sphere has the property

1
that the distribution fP~1.r =1 is positive definite if, and only if, f = ||- Nl
for some intersection body K.
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Slicing inequalities 3.

As proved in K.1998, an origin-symmetric star body K C IR" is an intersection

body if, and only if, || - ||E1 represents a positive definite distribution on IR".

Therefore, a positive even continuous function f on the sphere has the property
1

that the distribution fP~1.r =1 is positive definite if, and only if, f = ||- ||;ﬁ
for some intersection body K.

Combining this observation with Corollary 1, we get that for any intersection
body K in IR" and any p > 1

1 1
_p b |5n—1|; / _ 1
x|, P dx < —— max x|l P dx ).
(/5"_1 lIxIl ¢ ) = 1572] gesnt \ Jgn-1nen 111
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Slicing inequalities 3.

As proved in K.1998, an origin-symmetric star body K C IR" is an intersection

body if, and only if, || - ||E1 represents a positive definite distribution on IR".

Therefore, a positive even continuous function f on the sphere has the property
1

that the distribution fP~1.r =1 is positive definite if, and only if, f = ||- ||;ﬁ
for some intersection body K.

Combining this observation with Corollary 1, we get that for any intersection
body K in IR" and any p > 1

1 1
_p b |5n—1|; / _ 1
x|, P dx < —— max x|l P dx ).
(/5"_1 lIxIl ¢ ) = 1572] gesnt \ Jgn-1nen 111

When p = -5, the latter inequality turns into Bourgain's slicing inequality for
intersection bodies.

n—1 n—1,n=1
- N e —nt1
x| "dx <‘7 max / x|l dx ).
(/5"1 Il T 15"? gest\ Jomipen Il
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Connection with inequalities of the Oberlin-Stein type.

The inequality of Corollary 1 can be considered as the reverse to the
Oberlin-Stein type inequalities for the Radon transform.
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Connection with inequalities of the Oberlin-Stein type.

The inequality of Corollary 1 can be considered as the reverse to the
Oberlin-Stein type inequalities for the Radon transform.
Oberlin and Stein: Given any function f € LP(IR"), one has that

1

a3
< / ( / |Rf(t,e)|fdr) c/e) < CopalFlligrry
Sn—1 R

if, and only if, 1 <p< -7, g < p’ (p~t+pt=1), and%:%—n—f—l.
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Connection with inequalities of the Oberlin-Stein type.

The inequality of Corollary 1 can be considered as the reverse to the
Oberlin-Stein type inequalities for the Radon transform.
Oberlin and Stein: Given any function f € LP(IR"), one has that

1

% q
( / ( / |Rf(t,e)|fdr) c/e) < CopalFlligrry
Sn—1 R

. . /-1 /=1 _ 1 _
if, andonly if, 1 <p< 25, q<p (p~"+p —1),and7_§—n+1.
It was also proved by Oberlin-Stein that for every n > 3 one has

1

s 1_

( / supmf(t,e)ﬁde) < Cou,pas I 18 ¢y | F I e
Ssn—1teR

l—a n—1

(o] —
<p2§oo,andﬁ+ =

n
n—1

whenever s < n, 1 <p; < P2 noc
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Connection with inequalities of the Oberlin-Stein type.

The inequality of Corollary 1 can be considered as the reverse to the
Oberlin-Stein type inequalities for the Radon transform.
Oberlin and Stein: Given any function f € LP(IR"), one has that

1

% q
( / ( / |Rf(t,e)|fdr) c/e) < CopalFlligrry
Sn—1 R

. . /-1 /=1 _ 1 _
if, andonly if, 1 <p< 25, q<p (p~"+p —1),and7_§—n+1.
It was also proved by Oberlin-Stein that for every n > 3 one has

1

( / supmf(t,enscw) < Cou passl|F5on (o)1 a0
sn—1teR

whenever s <n, 1 < p; < 25 < pp < o0, and %+ 1;204 _ n;1.
If x4 is the characteristic function of a measurable set A C IR" and s = n, then

as p1,p2 — 2, the latter inequality becomes

1
n\ n
</ (sup|Aﬂ(9L+t0)|>> < ColAl7.
sn—1 \teR

If Ais an origin-symmetric convex body in IR", by Brunn's theorem the
supremum is achieved at t =0, and one gets and the Busemann intersection
inequality. This connection was first observed by Lutwak.
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