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Threshold for the volume

The original, still vague, formulation:
@ Let u be a Borel probability measure on R” such that K = conv(supp(u)) is a
convex body in R".
o Let {X;}72; be a sequence of independent random vectors X; distributed according

to p.
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Threshold for the volume

The original, still vague, formulation:
@ Let u be a Borel probability measure on R” such that K = conv(supp(u)) is a
convex body in R".
o Let {X;}72; be a sequence of independent random vectors X; distributed according
to p.
@ For each N > n consider the random polytope

KN = COIIV{Xl, ey XN}
and the normalized expectation of its volume

E.(N) = E,u (%) .
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Threshold for the volume

The original, still vague, formulation:

@ Let u be a Borel probability measure on R” such that K = conv(supp(u)) is a
convex body in R".

o Let {X;}72; be a sequence of independent random vectors X; distributed according
to p.

@ For each N > n consider the random polytope

KN = COIIV{Xl, ey XN}

and the normalized expectation of its volume
|Kn|
E.(N)=E — .
H( ) ‘LLN ( |K|

o We say that p exhibits a threshold at o > 0 if
E.(N)~0 when N < exp(gn)

and
E.(N)~1 when N> exp(on).
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Threshold for the volume

Dyer-Fiiredi-McDiarmid (1992)

Let pn be the uniform measure on {—1,1}" (then, K = conv(supp(un)) = [-1,1]"). |

f
0=In2— 1 (the same for every n) then for every € € (0, 0) we have that
. — N < _ _
nll[r;osup {27"E|Kn|: N < exp((0—€)n)} =0
and
im inf{2°" N> =1.
HILTolnf{Q E|Kn|: N > exp((o+€)n)} =1 |

o Dyer, Fiiredi and McDiarmid also obtained a similar result for the case where p, is

the uniform measure on [—1,1]". The value of the constant is now

0= In(2m) = (v +1/2),

where v is Euler's constant.
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Threshold for the volume

@ A very general guess is that the following might be true.

Statement

Let & € (0, 3). There exists a sequence €,(8) — 0 as n — oo and no(6) € N such that if

n > ng and K is a convex body in R" then we may find a constant ¢ = g(K) such that

sup {IE (%) C N < exp((1 — e,,(5))gn)} <6
ot {2 (151) 5> el cl@en s 315

where Ky = conv{Xi,...,Xn} and X; are independent random points uniformly
distributed in K.

Apostolos Giannopoulos (NTUA) Threshold for the measure of random polytopes June 30, 2023

4/20



Threshold for the volume

@ A very general guess is that the following might be true.

Statement

Let & € (0, 3). There exists a sequence €,(8) — 0 as n — oo and no(6) € N such that if
n > ng and K is a convex body in R" then we may find a constant ¢ = g(K) such that

g {E (%') LN < exp((1 — e,,(5))gn)} <
" inf {IE (%) LN > exp((1+ en(d))gn)} >1-4,

where Ky = conv{Xi,...,Xn} and X; are independent random points uniformly
distributed in K.

@ The first main question is to identify the constant g(K) and then to establish these
estimates with a constant €,(0), ideally independent from K, which tends to 0 as
n — oo.

@ The “window” of the threshold is the quantity 2¢,(d)o.
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A more general problem

o Let u be a log-concave probability measure . on R” with barycenter at the origin.

@ It is known that if a probability measure 1 is log-concave and p(H) < 1 for every
hyperplane H in R", then p has a log-concave density f,.

@ By the Brunn-Minkowski inequality, the uniform measure on a convex body K in R”
is log-concave.

o Let Xi, Xz,... be independent random points in R” distributed according to y and
for any N > n define the random polytope

KN = COIIV{)<17 e 7)(/\/}.

o Consider the expectation E v[u(Kn)] of the measure of Ky, where
N =g x oo x p, N times.

o If 4 = pk, the uniform measure on a convex body K in R”, then this quantity is the
same with the one we discussed before.
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A more general problem

e Given § € (0, %) we say that y satisfies a “d-upper threshold” with constant g if
sup{E,n [u(Kn)] : N < exp(orn)} < 3 (1)
and that p satisfies a “d-lower threshold” with constant g, if
inf{E, n[u(Kn)] : N > exp(g2n)} = 1 — 0. (2)
@ Then, we define
o1(p,8) = sup{p1 : (1) holds true} and g2(p,d) = inf{p2 : (2) holds true}.
@ Our main goal is to obtain upper bounds for the difference
m(p, 6) == 021, ) — 01(, 5)

for any fixed § € (0, 3).
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Tukey's half-space depth

@ Let u be a probability measure on R". For any x € R" we denote by H(x) the set of
all half-spaces H of R" containing x.

@ Tukey's half-space depth is the function

pu(x) = inf{u(H) - H € H(x)}.

Apostolos Giannopoulos (NTUA) Threshold for the measure of random polytopes June 30, 2023 8/20



Tukey's half-space depth

@ Let u be a probability measure on R". For any x € R" we denote by H(x) the set of
all half-spaces H of R" containing x.

@ Tukey's half-space depth is the function

pu(x) = inf{u(H) - H € H(x)}.

G.-Brazitikos-Pafis (2022)

If 1 is a log-concave probability measure on R” then

exp(—aun) < [ @) di(x) < exp (<ean/L3)

where c1, 2 > 0 are absolute constants and L, is the isotropic constant of p.
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Tukey's half-space depth

@ Let u be a probability measure on R". For any x € R" we denote by H(x) the set of
all half-spaces H of R" containing x.

@ Tukey's half-space depth is the function

pu(x) = inf{u(H) : H € H(x)}.

G.-Brazitikos-Pafis (2022)

If 1 is a log-concave probability measure on R” then

exp(—aun) < [ @) di(x) < exp (<ean/L3)

where c1, 2 > 0 are absolute constants and L, is the isotropic constant of p.

@ The right-hand side inequality answers a question from “math-overflow” and
combined with the left-hand side inequality determines the expectation of ¢ since
now it is known that L, < cVInn.
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The geometric lemmas

@ For any convex body B C R" we define

¢1(B) =suppu(x) and ¢(B) = inf @u(x).
x¢B xEB
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The geometric lemmas

@ For any convex body B C R" we define

¢1(B) =suppu(x) and ¢(B) = inf @u(x).
x¢B xEB

The first lemma

Let B C R"” be a convex body. For every N > n we have
E,n(1(Kn)) < p(B) + N 1(B).
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The geometric lemmas

@ For any convex body B C R" we define

¢1(B) = suppu(x) and  ¢2(B) = inf pu(x).

x¢B

The first lemma

Let B C R"” be a convex body. For every N > n we have
E,n(1(Kn)) < p(B) + N 1(B).

y
The second lemma
Let B C R" be a convex body. For every N > n we have
N N—n
Ew(u(kn) > u(B) (1-2( )@ —wa(B)™").
y

Apostolos Giannopoulos (NTUA) Threshold for the measure of random polytopes

June 30, 2023

9/20



The geometric lemmas

@ The idea is to define an increasing family of convex bodies { B:}+~0, depending on p,
and to identify a value ¢ so that, for some small € = €(u, 8), the following hold:

o “(B(l—e)gn) < 6/2

Q 1(B(1+e)on) 21 -6/2

© exp((1 —2€)on) p1(B1—c)on) < 6/2

O N> exp((1+2e)en) = 2(N)(1— w2(Bire)on))V " < /2.
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The geometric lemmas

@ The idea is to define an increasing family of convex bodies { B:}+~0, depending on p,
and to identify a value ¢ so that, for some small € = €(u, 8), the following hold:

o H(B(l—e)gn) < 6/2
Q 1(Bateyen) 1 -9/2
© exp((1 —2¢)on) p1(B(1—e)on) < /2
O N> exp(1+20)0n) = 2(")(1 = ¢2(Brspn)V " < 5/2.
@ Then, the first lemma shows that g1(u,d) > (1 — 2¢)on and the second lemma
shows that 02(p,d) < (1 4 2¢€)on.

@ So, we have a threshold at g with 7(p,d) := g2(u, 8) — 01(p, 0) < 4ep.
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The geometric lemmas

@ The idea is to define an increasing family of convex bodies { B:}+~0, depending on p,
and to identify a value g so that, for some small € = ¢(y, ¢), the following hold:

o H(B(lfe)gn) < 6/2
Q 1(Bateyen) 1 -9/2
© exp((1 —2¢)on) v1(B(1—e)on) < /2
O N> exp((1+26¢)on) = 2(N)(1 = pa(Briepen)V ™" < 6/2.
@ Then, the first lemma shows that g1(u,d) > (1 — 2¢)on and the second lemma
shows that 02(p,d) < (1 4 2¢€)on.

@ So, we have a threshold at g with 7(p,d) := g2(u, 8) — 01(p, 0) < 4ep.

o If all this is going to work, we must have that

p1(Bt) is close to p2(Bt).
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The famlly {Bt}t>0

Let u be a centered log-concave probability measure on R" with density f := f,,.

The logarithmic Laplace transform of p on R" is defined by

Au(€) =In (/Rn els? f(z)dz).

It is easily checked that A, is convex and A,(0) = 0: Since bar(u) = 0, Jensen’s
inequality shows that A, (&) > 0 for all &.

o We define

Nu(x) = sup, {(x, &) —Nu(E)}-

In other words, A}, is the Legendre transform of A,,.
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The famlly {Bt}t>0

Let u be a centered log-concave probability measure on R" with density f := f,,.

The logarithmic Laplace transform of p on R" is defined by

Au(€) =In (/Rn els? f(z)dz).

It is easily checked that A, is convex and A,(0) = 0: Since bar(u) = 0, Jensen’s
inequality shows that A, (&) > 0 for all &.

o We define

Nu(x) = sup, {(x, &) —Nu(E)}-

In other words, A}, is the Legendre transform of A,,.

The family {B:}¢~0

For every t > 0 we also set

B(p) == {x € R" : Aj(x) < t}.
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Estimates for 1(B:(p)) and @a(Bt(u))

Upper bound

Let 1 be a Borel probability measure on R”. For every x € R" we have

pu(x) < exp(=A(x)).

In particular, for any t > 0 we have that ¢1(B:(p)) < exp(—t).
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Estimates for 1(B:(p)) and @a(Bt(u))

Upper bound

Let 1 be a Borel probability measure on R”. For every x € R" we have

pu(x) < exp(=AL(x))-

In particular, for any t > 0 we have that ¢1(B:(p)) < exp(—t).

Lower bound: G.-Brazitikos-Pafis (2022)

Let K be a centered convex body of volume 1 in R". Then, for every t > 0 we have that

p2(Beljuk)) = inf{pu(x) : x € Buljux)} > 75 exp(—t — 2/),

where i is Lebesgue measure on K.
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Comparison of ¢, and exp(—A;,, )

o Setting wy, (x) = In <m), we have actually proved a two-sided inequality.

Uniform measure on a convex body

Let K be a centered convex body of volume 1 in R". Then, for every x € int(K) we have
that

Wik (%) = 5v/1 < Ay (%) < wp (%) ®3)
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Comparison of ¢, and exp(—A;,, )

o Setting wy, (x) = In (m), we have actually proved a two-sided inequality.

Uniform measure on a convex body

Let K be a centered convex body of volume 1 in R". Then, for every x € int(K) we have
that

Wi (X) = 5v/1 < Ny (x) < (). (3)

First question

Is it true that an analogue of (3) holds true for any centered log-concave probability
measure g on R"?
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The value of p

o As we will see, for any centered log-concave probability measure p on R", the

correct value of g is
1

0= ;Eu(/\;)

Apostolos Giannopoulos (NTUA) Threshold for the measure of random polytopes June 30, 2023 14 /20



The value of p

o As we will see, for any centered log-concave probability measure p on R", the
correct value of g is

0= TEN;).
o Consider the parameter
Var,(A})
(En (A7)
@ Roughly speaking, the plan is the following: provided that ¢,, is “almost constant”

on 9(B¢(p)) for all t > 0 and that B(u) = on(1), we can establish a “sharp
threshold” at o for the expected measure of Ky with window

(1, 8) < e/ B(n)/de

Bu) =
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The value of p

o As we will see, for any centered log-concave probability measure p on R”, the
correct value of g is

1
= ZE,(A\)).
o n u( u)

o Consider the parameter
Var, (A},)
B) = rmvs-
(En(AR))?
@ Roughly speaking, the plan is the following: provided that ¢,, is “almost constant”
on 9(B¢(p)) for all t > 0 and that B(u) = on(1), we can establish a “sharp
threshold” at o for the expected measure of Ky with window

m(p,8) < cv/B(u)/Se.

o But, first of all, we would like to know for which centered log-concave probability
measures i on R" the parameter () is well-defined. This is true if

AL 20 = (Bu((A2)?)Y? < 0.

@ A stronger sufficient condition is to require that A, has finite moments of all orders.
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Moments of the Cramer transform

@ Given k € (0,1/n] we say that a measure ;1 on R” is k-concave if
(1= XA+ AB) = ((1 = N)u"(A) + Au"(B))Y/* for all compact subsets A, B of
R" with 1(A)u(B) > 0 and all X € (0,1).
G.-Brazitikos-Pafis (2022)

Let K be a centered convex body of volume 1 in R". Let x € (0,1/n] and let p be a
centered k-concave probability measure with supp(u) = K. Then,

m/\:i(x)
/e 2 dpu(x) < oo.
Rn

o Since pu is 1/n-concave, we get that A}, has finite moments of all orders.
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Moments of the Cramer transform

@ Besides this, we can show that A}, has finite moments of all orders in the following
cases:
(i) If v is a centered probability measure on R or a product of such measures.

(i) If p is supported on a convex body and has a continuous positive density.

(i) If p is a centered log-concave probability measure on R” and there exists a function
g [1,00) — [1,00) with lim:— oo g(t)/In(t + 1) = 400 such that
Z (1) D g(t)Zf (k) for all t > 2, where {Z;" (1) }+>1 is the family of one-sided
L¢-centroid bodies of .
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Moments of the Cramer transform

@ Besides this, we can show that A}, has finite moments of all orders in the following
cases:

(i) If v is a centered probability measure on R or a product of such measures.
(i) If p is supported on a convex body and has a continuous positive density.
(i) If p is a centered log-concave probability measure on R” and there exists a function
g [1,00) — [1,00) with lim:— oo g(t)/In(t + 1) = 400 such that
Z (1) D g(t)Zf (k) for all t > 2, where {Z;" (1) }+>1 is the family of one-sided
L¢-centroid bodies of .

Second question

Let 1 be a centered log-concave probability measure p on R”. Is it true that A, has finite
moments?
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Moments of the Cramer transform: Estimates

@ The method of proof of the Theorem gives in fact reasonable upper bounds for
1A} Nl ey~ If K is a centered convex body in R” and 1 is a centered x-concave
probability measure with supp(u) = K then

* * 12 _ clnn
Eu(AL) < (Bal(A]) 2 < =R
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Moments of the Cramer transform: Estimates

@ The method of proof of the Theorem gives in fact reasonable upper bounds for
1A} Nl ey~ If K is a centered convex body in R” and 1 is a centered x-concave
probability measure with supp(u) = K then

E.(AL) < (Eu[(A))Y2 <

@ In particular, if we assume that u = ux is the unlform measure on a centered convex
body then we obtain a sharp two sided estimate for the most interesting case where
p=1or2.

clnn 1/2
——lIfull?.

Theorem
Let K be a centered convex body of volume 1 in R", n > 2. Then,
an/L2, <A

MKHLl(MK) ”A K”L?(MK) < anlinn,

where L, is the isotropic constant of the uniform measure px on K.
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Moments of the Cramer transform: Estimates

@ The method of proof of the Theorem gives in fact reasonable upper bounds for
1A} Nl ey~ If K is a centered convex body in R” and 1 is a centered x-concave
probability measure with supp(u) = K then

E.(AL) < (Eu[(A))Y2 <

@ In particular, if we assume that u = ux is the unlform measure on a centered convex
body then we obtain a sharp two sided estimate for the most interesting case where
p=1or2.

clnn 1/2
——lIfull?.

Theorem
Let K be a centered convex body of volume 1 in R", n > 2. Then,
an/L%, < |IA

MKHLl(uK) ”A ||L2(HK) < cnlinn,

where L, is the isotropic constant of the uniform measure jix on K.

@ The left-hand side inequality follows easily from Jensen inequality and the estimate
Jen e M dp(x) < exp (—cn/L%) that we have proved in order to estimate the
expectation of Tukey's half-space depth.

@ Both the lower and the upper bound are of optimal order with respect to the
dimension. This can be seen e.g. from the example of the uniform measure on the
cube or the Euclidean ball.
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Upper threshold: the final step

@ The threshold is a consequence of Chebyshev's inequality. Recall that

_ Varu(A})
0= B,y

and Bi(p) = {x e R" : Aj(x) < t}.
o Let 9:= 1E,(A}). Then, forall e € (0,1), from Chebyshev's inequality we have that

1(Ba—aon(1)) = n({A < (1= €)on}) < u({A; — Eu(AL)] > cE,(AL)})
Var,(AL) _ Bln)
SeE.m)PE T e

o Choosing € = 1/28(u)/d we have that

N S,

W(Ba-eyon(p)) <

and this implies that

01(,8) = (1 — /86(1)/d)e.
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Lower threshold: the final step

@ The argument is similar. For all € € (0,1), from Chebyshev's inequality we have that

1= p(Bataen(n) < p({AL = (14 €)en}) < p({IAL = Eu(A)] = €E,(AL)})

Var, (AL A(w)
S AEAE T

o Choosing € = 1/23(1)/d we have that

1
1- N(B(He)gn(ﬂ)) < )

and this implies that
02(,6) < (L4 v/8B(p)/0)o-

@ In a few words, the final estimate is

(. 6) < aan/B(w)/d 0

and, in the case of a convex body, cl/LiK <o<alnn.
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The main questions

Q Let u be a log-concave probability measure . on R” and define w,(x) = In ( L )

Is it true that
[wi = Nullos = 0(n)?

A stronger question is if
o — Ailloe = O(V).
This is true for the uniform measure on any n-dimensional convex body.

@ Let u be a log-concave probability measure 1 on R”. Is it true that A}, has finite
moments of all orders? This is true for the uniform measure, and more generally for
any k-concave measure where 0 < k < % on any n-dimensional convex body.

© Estimate
B :=sup{B(uk) : K is a centered convex body of volume 1 in R"}
or, more generally,
Bn :=sup{B(u) : uis a centered log-concave probability measure on R"}.

Is it true that lim 8, =07
n—oo
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